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Abstract

Consider a trade market with one seller and multiple buyers. The
seller aims to sell an indivisible item and maximize their revenue.
This paper focuses on a simple and popular mechanism-the fixed-
price mechanism. Unlike the standard setting, we assume there is
information asymmetry between buyers and the seller. Specifically,
we allow the seller to design information before setting the fixed
price, which implies that we study the mechanism design problem
in a broader space. We call this mechanism the fixed-price signaling
mechanism.

We assume that buyers’ valuation of the item depends on the
quality of the item. The seller can privately observe the item’s
quality, whereas buyers only see its distribution. In this case, the
seller can influence buyers’ valuations by strategically disclosing
information about the item’s quality, thereby adjusting the fixed
price. We consider two types of buyers with different levels of ra-
tionality: ex-post individual rational (IR) and ex-interim individual
rational. We show that when the market has only one buyer, the
optimal revenue generated by the fixed-price signaling mechanism
is identical to that of the fixed-price mechanism, regardless of the
level of rationality. Furthermore, when there are multiple buyers
in the market and all of them are ex-post IR, we show that there is
no fixed-price mechanism that is obedient for all buyers. However,
if all buyers are ex-interim IR, we show that the seller can achieve
full surplus extraction through information design, provided that
the fixed price can depend on the signal.
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1 Introduction

The phenomenon of information asymmetry is ubiquitous in the
real world and has garnered extensive research attention in both
computer science and economics, including security [16, 20], ad-
vertising [1, 10], transportation [12, 13, 19] and voting [5]. In these
applications, an agent with more information, referred to as the
sender, can influence the behavior of other agents by strategically
disclosing information, which is also known as “Bayesian persua-
sion” [14] or information design [4]. In these information asym-
metric scenarios, the sender is often in a leading position and can
obtain higher utility than when he has no additional information.

There is also a body of work studying the optimal auction design
when the seller can disclose information [8, 11, 18], or under specific
auction formats such as second-price auction [3] and posted price
auction [7]. In this paper, we introduce information asymmetry into
a trade market and limit the design space to a simple format-the
fixed-price mechanism. We aim to study the impact of enabling the
seller to design information on the optimal mechanism and seller
revenue within the fixed-price mechanism space, and answer the
following questions:

(1) What is the optimal mechanism for the seller when they can
design information?

(2) Does allowing the seller to design information lead to higher
revenue?

Specifically, we consider a trade market with one seller and mul-
tiple buyers. The seller aims to sell an indivisible item. The quality
of the item can only be observed by the seller, whereas buyers can
only see its distribution. Each buyer’s valuation of the item depends
on its quality. Given the information advantage regarding the item’s
quality, the seller can disclose information before determining the
fixed price.

1.1 Our Contributions

In this paper, we consider two types of behavior patterns of buyers:
the ex-post individual rational buyers and the ex-interim individual
rational buyers. We refer to the mechanism space in which the seller
can design information within a fixed-price mechanism as the fixed-
price signaling mechanism. Therefore, throughout this paper, we
focus on two types of design spaces: the fixed-price mechanism
and the fixed-price signaling mechanism.

Optimal fixed-price mechanism. Before delving into our main
problems, we first discuss the optimal fixed-price mechanism for
the seller under these two behavior patterns. For ex-post IR buyers,
the optimal fixed price is a trade-off between the item’s price and
the probability that the item will be sold. However, for ex-interim
IR buyers, the seller can continuously raise the item’s price as long
as at least one buyer is willing to buy it.
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Optimal fixed-price signaling mechanism for single buyer. As a
warm-up, we consider a special case of our original setup and study
the optimal fixed-price signaling mechanism when there is only
one buyer in the market. Surprisingly, we find that the revenue
generated from the optimal fixed-price signaling mechanism is
identical to that of the fixed-price mechanism, regardless of the
behavior patterns employed by the buyer. This implies that in this
case, allowing the seller to design information will not bring him
more revenue, and the advantage in information does not translate
into an advantage in terms of revenue.

Optimal fixed-price signaling mechanism for multiple buyers. Fur-
thermore, we investigate the optimal fixed-price signaling mecha-
nism when there are multiple buyers in the market. For ex-post IR
buyers, we find that there is no fixed-price signaling mechanism
that is obedient for all the buyers. However, if we assume that buy-
ers cannot buy the item when the seller does not recommend it,
we show that this problem can be solved in closed form. As for ex-
interim IR buyers, we show that the optimal fixed-price signaling
mechanism will bring more revenue for the seller, provided that
the fixed price can depend on the signal.

1.2 Related Work

Information design. Our research is grounded in the literature on
information design. We adopt the “Bayesian persuasion” framework,
proposed by the seminal work [14], to model how the seller designs
information. Like most follow-up work, we assume there is only
one side that has private information. One of the related works in
this line is the model proposed by Castiglioni et al. [6], where an
informed sender persuades a set of uninformed receivers. However,
there is a substantial distinction between persuasion and selling
an item through persuasion. In our context, the seller has only one
item for sale, so even if many buyers are willing to buy the item,
only one buyer will eventually get the item.

Joint design mechanism and information. Our work aligns with
the research on the combination of mechanism design with infor-
mation design. Es6 and Szentes [11] also considers a setting where
an item seller sells one indivisible item to multiple buyers. However,
in their model, the seller cannot observe the item’s quality. Another
difference lies in the mechanism space, they do not restrict design
space, while we focus on the fixed-price mechanism. Wei and Green
[18] studies a single buyer setting under a general design space and
gives a closed-form solution. In contrast, there are multiple buyers
in our setting. Closer to us are the series of works that focus on
information design under specific auction formats, such as second-
price auction [3] and posted price auction [7]. Castiglioni et al. [7]
consider a posted price auction where buyers arrive sequentially
and their valuations for the item depend on a random state that is
only observed by the seller. However, the key difference between
their model and ours is that in their model, the seller’s price func-
tion depends on the signal sent by the seller, but we focus on a
constant price. Chen and Zhang [8] also adopts a type-dependent
pricing strategy for the seller in a setting with one buyer and a
binary type space.

The rest of the paper is structured as follows. Section 2 describes
the model and the two types of mechanism space considered in this
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paper. Section 3 investigates the optimal fixed-price mechanism
without signaling. In section 4, we first study the optimal fixed-
price signaling mechanism design problem under one buyer setting
and later generalize it to the multi-buyer setting. We summarize all
the results in Section 5. Finally, we conclude in Section 6.

2 Preliminaries
2.1 Model

Consider a trade market with one seller and multiple buyers. The
seller has an indivisible item for sale, and buyers want to buy it.
The item has a quality, denoted by ¢ € Q, which can only be
observed by the seller. We assume that g is a random variable
drawn from a publicly known distribution G(q). The support of
q is Q = [q1,q2]. G(q) is differentiable in its support, with the
corresponding probability density function g(q).

All buyers possess no private information. Hence, their valuation
of the item only depends on its quality g. Let N = {1,..., n} denote
the set of buyers and v; : Q — R be the valuation function of
buyer i. The higher the quality of the item, the higher the buyer’s
valuation of the item should be. Thus, we also assume that v;(q)
is monotone increasing with respect to g for all i. Subsequently,
we can define the inverse function of v;(-) as vl._l (+). All buyers
observe the public distribution G(q) and derive a prior valuation
for the item. Formally, the prior valuation of buyer i can be denoted

by Eq-G(g) [vi(@)].

Rationality. We consider two types of buyers: the ex-post rational
buyer and the ex-interim rational buyer. Below, we define these
two types of buyers.

Definition 2.1 (Ex-post rational buyer). An ex-post rational buyer
will purchase an item if and only if his valuation of the item is not
less than p after knowing the actual g. Formally, it is equivalent to:

0i(q) > p.

Definition 2.2 (Ex-interim rational buyer). An ex-interim rational
buyer will purchase an item if and only if his expected valuation of
the item is not less than p. Formally, it is equivalent to:

Eloi(@)] = p-

2.2 Mechanism Space

From the seller’s perspective, we aim to design a revenue-maximizing
item-selling mechanism for the seller. Next, we describe the set of
mechanisms considered in this paper. Thus, the optimal mechanism
is the one that generates the highest revenue within the mechanism
space.

Firstly, we require that the price of the item be identical for all
buyers, that is, there is no price discrimination. Second, we allow
the sender to design information before deciding on the fixed price.
According to whether the seller can design information, we consider
two types of mechanisms separately: the fixed-price mechanism
and the fixed-price signaling mechanism.

Fixed-price Mechanism. The fixed-price mechanism is a straightfor-
ward yet widely used mechanism [15, 17, 21] where the seller sets
a single, constant price for an item that applies to all buyers. We
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denote this fixed price as p. When the item is sold, the buyer who
obtains the item pays p to the seller.

In a fixed-price mechanism, the interaction between the seller
and buyers takes place as follows:

(1) The seller observes the quality of the item g, while the buyers
observe the distribution G(q).

(2) The seller sets a constant price p for the item and makes it
known to all buyers.

(3) If at least one buyer is willing to buy the item, then the item
is sold and the seller receives p. Otherwise, the seller retains
the item.

Fixed-price Mechanism with Signaling . As mentioned in step (1)
of the fixed price mechanism, the seller has more information
about the item’s quality than buyers. According to the well-known
Bayesian Persuasion [14], the seller can expand the design space by
sending signals to buyers before setting prices, thereby influencing
buyers’ behavior and potentially obtaining higher revenue. We refer
to this new design space as the fixed-price signaling mechanism.

Information design. Following the “Bayesian Persuasion” frame-
work, the seller can disclose information by way of signaling. Specif-
ically, the seller first commits to a signaling scheme, which is a
mapping from the quality set to a distribution over a signal set.
Then, after observing the item’s quality, the seller will send a signal
to each buyer based on the committed signaling scheme. After re-
ceiving the signal, each buyer will update their belief over ¢ based
on the Bayes update rule.

Next, we formally describe the fixed-price signaling mechanisms.

Definition 2.3 (Fixed-price signaling mechanism). A fixed-price
signaling mechanism M can be described by a tuple (, p), where:

o 71 :Q — A(2) is the signaling scheme and ¥ is a signal set.
When the item’s quality is g, the seller will send signal o € X
with probability 7 (g, o).

e p is a constant price for the item.

In a fixed-price signaling mechanism M = (, p), the interaction
between the seller and buyers occurs as follows:

(1) The seller observes the item’s quality g, and the buyers ob-
serve the distribution G(q).

(2) The seller sends signal o € X drawn from distribution (g, -)

(3) After receiving the signal, buyers update their beliefs and
decide whether to buy.

(4) If at least one buyer is willing to buy, then the item is sold
and the seller receives p.

3 Fixed-Price Mechanism Without Signaling

In this section, we discuss the optimal fixed-price mechanism for
the seller.

3.1 Ex-post Rational Buyers

For buyers who are ex-post rational, the higher the price of an item,
the lower the probability that a buyer will buy it. Hence, the seller
needs to strike a balance between the probability of the item being
sold and its price when designing the fixed-price mechanism.
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PROPOSITION 3.1. When buyers are ex-post rational, the optimal
fixed price p* should be set as follows:

p" € arg max [1= G0, (P)] - P
p

where U;&n (p) = minjen vi_1 (p).
Therefore, when buyers are ex-post rational and the seller does
not disclose any information, the seller’s optimal revenue is:

[1-Go,(p")] - p". (1)

3.2 Ex-interim Rational Buyers

In fixed-price mechanisms, since there is no additional informa-
tion about g, the distribution G(q) remains constant. The buyer’s
valuation of the item, which is related to G(q), is also a constant.
Consequently, the seller can increase the price as much as they can
while ensuring that at least one buyer will buy the item.

PROPOSITION 3.2. When buyers are ex-interim rational, the opti-
mal fixed price p* should be set as:

p* = maxd;,
1

where 0; = Eg.G(q)[vi(q)] is buyer i’s expected valuation of the
item.

Therefore, when buyers are interim rational and the seller does
not disclose any information, the seller’s optimal revenue is:

@

max 0;.
1

4 Fixed-Price Mechanism with Signaling

In the previous section, we discussed the optimal fixed-price mech-
anism. In this section, we consider a broader space-the fixed-price
signaling mechanism in which the seller is allowed to design infor-
mation before determining the price of the item.

4.1 Warm-up: Single Buyer in the Market

In this section, as a warm-up, we consider a special case of our
original model. We assume there is only one buyer in the market,
so the seller only needs to design information for one player. In
this scenario, each signal o € X only needs to be one-dimensional.

Upon receiving signal o, the buyer will update his belief about ¢
and decide whether to buy the item. According to the revelation
principle, it is without loss of generality to regard each signal as an
action recommendation, since each signal will induce a posterior
belief that leads to a certain action [9, 14]. In our setup, there are
two actions for the buyer: buy or not buy. Hence, we only need two
signals in set £. We say a mechanism is obedient if the buyer will
always follow the action recommendation.

Definition 4.1 (Obedience). A mechanism (7, p) is obedient if the
buyer has no incentive to deviate from the action recommendation
sent by the seller.

Let 3 = {0, 1}, where signal 1 corresponds to “buy” and signal
0 corresponds to “not buy”. For simplicity, we use 7(q) to denote
the probability of sending signal 1 when the item’s quality is g.
Naturally, 1 — 7(q) denotes the probability of sending signal 0.
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Upon receiving signal 1, the buyer will update his belief over g
as follows:

7(q) - 9(q) '
e (q) - 9(q’) dg’

9(ql1) = ®)
Ja
Similarly, after receiving signal 0, the posterior belief of the buyer

over q is:

)= [1-7(q)] - 9(a) dg W

reoll=m(@)]-9(q) dg”

Given an obedient mechanism (7, p), the seller’s revenue can be
written as:

Revsiy(m.p) = / (@)9(q)dq - p. )

q€Q
Next, we discuss what constraints an obedient mechanism should
satisfy and what the optimal mechanism is when facing an ex-post
rational buyer and an ex-interim rational buyer, respectively.

4.1.1 Ex-post rational buyer. We first discuss the constraints that
an obedient mechanism must satisfy when facing an ex-post ratio-
nal buyer.

Specifically, to ensure the buyer’s obedience, two constraints
need to be imposed on the mechanism (s, p): (1) After receiving
signal 1, the buyer’s ex-post utility from purchasing the item should
be at least 0; (2) After receiving signal 0, the buyer’s ex-post utility
from purchasing the item should be at most 0.

When receiving signal 1, the buyer obtains posterior belief g(g|1)
based on Equation (3). Given this, we derive the probability that
the valuation of the buyer is less than p as follows:

Pr{o(q) <p | 1} =Pr{g <o~ (p) | 1}
o (p)
- / g(ql1) dg

q1

L7 nq) - 9(q) dg

Jy 7@ 9(q) dg’
Then the probability that the buyer is willing to buy the item

is 1 — Pr{u(q) < p | 1}. Now we only need to ensure that after
receiving signal 1, the probability 1 — Pr{v(q) < p | 1} = 1, that is:

-1

v (p)
/ 7(q) - 9(q) dg = 0.
q1

Similarly, after receiving signal 0, the buyer derives posterior belief
g(q|0) based on Equation (4). Given this, the probability that the
buyer’s valuation is less than p is:

(6)

o1

)
Pri{v(q) <p|0} = 9(ql0) dg

q1
- /qfil(p) [1-7(q)]-9(q) dg
 Jyeolt = (@)1 -9(¢)dg’”

Then we need to ensure that after receiving signal 0, the above
probability is equal to 1, which is equivalent to:

-1

o™ (p)
/ [1 - 7(g)lg(q) dg = / [1-2(@lg(@)dg. (@)
Q

q1
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THEOREM 4.2. When the buyer is ex-post rational, the following
signaling scheme * and fixed price p* form an optimal fixed-price
signaling mechanism:

. 0 ifg<ovl(p)
7(q) = { fa<o

1 otherwise

pr= argpmax[l -G (p)] - p.

PRrROOF. According to obedience constraint (6), we should set
7(q) to zero when q is between g1 and v™!(p), that is:

n(g)=0ifq < g<ov~'(p).

And we can rewrite obedience constraint (7) as follows:
qz
[ n-@ladg=o
o7 (p)

Thus we should set 7(q) = 1 when g is between 0~!(p) and g¢a.
Overall, we obtain the optimal signaling scheme as follows:

@) 0 ifgr<qg<ovl(p)
T = .
P70 o) <qs<q

Given the signaling scheme 7*, the seller’s revenue from setting
the fixed price as p can be written as:

q2
Prir"(q) = 1}~p:/_1( )9(q)dq-p
v g

=[1-GE™ ' (PN -p.

So the optimal fixed price should be set as follows:

p* € arg max[1 -G 1(p))] - p.
p
This concludes the proof. O

Therefore, when the buyer is ex-post rational and the seller is
allowed to disclose information, the seller’s optimal revenue is:

[1-G@™ ("] - p". ®)
Comparing Equation (1) with Equation (8), we observe that when
there is only one buyer in the market and the buyer is ex-post
rational, the optimal fixed-price mechanism with signaling yields
the same revenue as in the case without signaling.

OBSERVATION 1. When facing an ex-post rational buyer, the op-
timal revenue obtained in the fixed-price signaling mechanism is
identical to that obtained in the fixed-price mechanism.

This implies that allowing the seller to design information does
not result in higher returns for him.

4.1.2  Ex-interim rational buyer. Recall that without additional in-
formation, the buyer’s expected valuation of the item is a constant.
However, when the seller can design information, they can influ-
ence the buyer’s expected valuation through signaling. Next, we
discuss what constraints an obedient mechanism should satisfy
when facing an ex-interim rational buyer.

Given posterior belief g(gq|1), the ex-interim valuation of the
buyer for the item is equivalent to:

C = dq.
q~g<q|1>[v(q)] /qEQv(q)g(qll) q
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So to ensure the buyer is willing to buy the item after receiving
signal 1, we need to require that the ex-interim utility of the buyer
is no less than 0, that is:

/ 9(qIo(q)dg —p > 0. ©
qeQ
With some simple algebraic manipulations, we obtain:
/ n(q)[0(q) —plg(q) dg = 0. (10)
q€Q

Similarly, after receiving signal 0, the valuation of the buyer is:

o(q)] = / 290610 .
qE

E [
9~9(ql0)
To ensure the buyer will not buy the item after receiving signal 0,
we need to require that:

/ 0(q)g(ql0)dg—p < 0.
q€Q

With some simple algebraic manipulations, we obtain:
[ 2@l -plo@dg> E [o@]-p. QD
qeQ 9~9(q)

Combining with the seller’s objective, we can formulate the
optimal mechanism design problem as the following optimization
program:

tmax / (@)g(q)dg - p
P JgeQ

st / x(@)[o(g) - plg(g)dg = 0 (12)
qeQ

[ 2@l -rla@rdg> E [@l-p
qeQ 7~9(q)
From the obedience constraint, we can obtain an upper bound

of the above optimization problem.

PROPOSITION 4.3. The optimization program (12) is upper bounded
by:
Reﬂsig(ﬂ'ap) < ];‘[U(q)]

ProOF. According to constraint (10), we have:

/ (@)g(q)dg p < / 7(@)0(q)g(q) dg
q€Q qeQ

d
< /q M99 4

= E fo(g]

a9(a)
This concludes the proof. O

Next, we show that we can construct an obedience mechanism
that can achieve this upper bound, thus achieving optimal.

THEOREM 4.4. When the buyer is ex-interim rational, the following
signaling scheme * and fixed price p* form an optimal fixed-price
signaling mechanism:

m'(9) =1,¥qeQ and p’= Elo(q)].
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ProoF. The proof process is decomposed into two parts. First,
we ignore constraint (11) and focus on the remaining optimization
program. Second, we show that the optimal solution in the relaxed
problem also satisfies constraint (11), thus remaining optimal in
the original program (12).

Firstly, we increase the price p such that the obedience constraint
(10) is binding, that is:

[ rae@e@ds= [ x@e@ds-p.
qeQ q€Q
Put the price p on one side, we get:

Jyeo ™(@0(0)9(q) dg

- : (13)
g Jyco (@9(9) dg

Constraint (10) ensures that the buyer will buy the item after re-
ceiving signal 1. Hence, at this price, the buyer will buy the item
after receiving signal 1. Therefore, to maximize revenue, the seller
should send signal 1 as frequently as possible. We construct the
following signaling scheme:

7" (q) =1,Yq € Q,

which means, regardless of the value of g, the seller sends signal
1 and the buyer will always buy the item. Then Equation (13) be-
comes:

p = /qEQv(q)g(q) dg = g[v(q)].

Next, we show that the constructed mechanism (7%, p*) also
satisfies the omitted constraint (11). Putting (7%, p*) into constraint
(11), we obtain:

/ lo(q) ~ plg(q) dg = / v(q)g(q)dg—p
qeQ q€Q
=Efo(g)] -p.
This concludes the proof. O

In hindsight, we can observe that since 7 = 1 for all ¢ € Q, the
probability of sending signal 0 is 0. This explains why, when solving
the program (12), we can safely ignore constraint (11).

Based on Theorem 4.4, the seller’s optimal revenue is

E[U(q)L (14)
According to equations (2) and (14), we have the following obser-
vation.

OBSERVATION 2. When facing an ex-interim rational buyer, the
optimal revenue achieved in the fixed-price signaling mechanism is
identical to that obtained in the fixed-price mechanism.

Combined with Observation (1), we can draw the conclusion that
when in the market with one buyer, allowing the seller to design
information will not bring him more revenue.

PROPOSITION 4.5. In a market with one buyer, allowing the seller
to design information before setting the fixed price will not bring him
more revenue.
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4.2 Multiple buyers in the Market

In this section, we consider the original model as described in
Section 2.1. In this model, there are n buyers in the market and the
seller has just one item for sale.

In this scenario, the signal set ¥ should be n-dimension. The
seller can send different signals to different buyers, resulting in
different posterior beliefs. The signal space will be extremely large,
but with the help of the revelation principle, we can reduce the
signal space.

LEMMA 1 (BERGEMANN ET AL. [2]). It is without loss of generality
to focus on the responsive experiment where the signal space has at
most the cardinality of the outcome space.

Based on the above results, we can focus on the set of signaling
schemes where a one-to-one correspondence exists between signals
and outcomes. In our setting, there are n + 1 possible outcomes,
with n of them corresponding to each buyer obtaining the item and
an additional one corresponding to no buyer buying the item. Thus,
we can define X as follows:

n
Z:{oe{o,l}":Zm s1},
i=1

where o with g; = 1 corresponds to the outcome where buyer i
obtains the item, and with o; = 0 for all i corresponds to the out-
come where no buyer makes a purchase. From an implementation
perspective, the seller can send the i-th element of o to the buyer i,
indicating whether the buyer should make a purchase or not. For
simplicity, we denote the signal with o; = 1 as s;, and the signal
with o; = 0 for all i as sg. Therefore, sending signal s; means the
seller asks buyer i to buy the item.

There is only one item for sale, so 7 should satisfy the following
constraints:

Z (g si) +m(q.50) =1 and 7(qgs;) > 0,Vi,Vq.
ieN

(15)

Upon receiving signal 1, buyer i will update belief over q as follows:

n(g.si) - 9(q) .
reo™(q'51) - 9(q') dg’

g(ql1) = (16)
)

q

Similarly, upon receiving signal 0, the posterior belief of buyer i is:

[1-7(g,5)]9(q)
0 = .
ol ./q’eQ[l - n(q,s1)] - 9(q") dg’

17)

Whether there are multiple buyers or a single buyer, the seller’s
revenue is equal to the probability of the item being sold multiplied
by the fixed price, as shown in Equation (5).

4.2.1 Ex-post rational buyers. We first discuss what constraints
an obedience mechanism should satisfy when there are multiple
ex-post rational buyers.

Similar to the analysis in the single-buyer case, upon receiving
signal 1, the probability that buyer i’s valuation is less than p is:

7 (p)
Ja

Jreo™(@si)-9(g) dg”

7(g,si) - g(q) dg

Privi(g) <p 1) =
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To ensure that buyer i will buy the item after receiving signal 1, we
need to ensure that Pr{v;(q) < p | 1} = 0, that is:

;' (p)
[ sigtarda=o
q
Similarly, after receiving signal 0, the probability that buyer i’s
valuation is less than p is:
o7 (

)
Pr{vi(q) <p |0} = 9(ql0) dg

q1
O 0= (g5 - 9(a) dg
Jyeoll=a(d" 51 - 9(q") dg’

To ensure obedience, it suffice to ensure Pr{v;(q) < p | 0} = 1, that
is:

o7 (p)
/ [1 - n(g.50)19(q) dg = / [1 - 7(q.5)19(q) da.

'3 qeQ
which can also be rewritten as:
q2
[ t-st@sg@dg=o.
o7 (p)

PROPOSITION 4.6. When facing multiple ex-post rational buyers,
a mechanism (7, p) is obedience if and only if:

o' (p)
/ m(q.51)9(q) dg =0,Vi € N. (18)
q1
q2
/ [1-7(gsi)]lg(q)dg=0,VieN. (19)
o7 (p)

We find that constraints (18) and (19) cannot be satisfied simul-
taneously. In other words, there is no obedient mechanism.

THEOREM 4.7. When multiple ex-post rational buyers are in the
market, there is no fixed-price signaling mechanism that is obedience
for all the buyers.

PROOF. According to the obedience constraint (18), we have:

(g, si) =0ifqe [ql,ofl(p)),Vi € N.

To satisfy constraint (19), we have:
n(g.si) = 1if g € [v7 ' (p), q2].Vi € N.

Overall, we obtain the following signaling scheme:

ifi=0andgq € [ql,v;&n(p))

ifie Nandg € [ql,u;z}n(p))

ifi=0andgq e [v;&n(p),qz] ’

ifie Nandq € [Ul._l(p), q2]

(g, si) =

_O O -

where vr_n%n (p) = minjen Ui_l(p).

Note that in the above signaling scheme, the seller sends s; with
probability 1 for all i € N when g € [o] L(p), g2], which contradicts
the probability constraint (15). Therefore, there is no obedient fixed-
price signaling mechanism.

O

Next, we define partial persuasiveness, meaning that buyers
cannot purchase the item when the seller does not recommend the
transaction.
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Definition 4.8 (Partial Persuasiveness). If a mechanism M =
(7, p) ensures that buyers are willing to purchase the item upon
receiving signal 1, then we say the mechanism satisfies partial
persuasiveness.

If we assume that the mechanism only needs to satisfy partial
persuasiveness, we can ignore the constraint (19) and obtain the
following results.

THEOREM 4.9. If buyers are only allowed to buy the item after
receiving signal 1, the following mechanism (z*, p*) is one of the
optimal ones:

ifi=0andq € [q1.0,} (p))

ifi € Nandq € [q1,0,} ()
ifi=0andqe (v} (p).q2]

ifi=jandq e [u;&.n(p), q2]

(g, si) =

= o O =

where j = arg min; Ul._l(p).

p* € arg max[1 - G(Ur_nin(l’))] p.
P

ProoF. Now the obedience mechanism is fully characterized by
constraint (18). To satisfy this constraint, we construct the following
signaling scheme:

ifi=0andq € [q1.0,} (p))

ifi € Nandq € [q1,0,} (p))
ifi=0andqe [0} (p) g2l
ifi=jandqe [0} (p),ophe(p)]

7(q,si) =

= o o =

where v;,} . (p) = max;en Ul-_l (p)-

When q € [v,,5,(p), g2], all buyers will be willing to buy the
item after receiving signal 1. Numerous obedient signaling schemes
can be constructed as long as the following constraints are satisfied:

2, mas)=1.

ieEN

For simplicity, we set z(q,s;) = 1if i = jand q € [0, (p), q2].

Under signaling scheme 7, the seller’s revenue is:
92 q2
[ masog@dgp= [ g@rdg-p
91 jeN i (P)
=[1- Gl (P)] - p.

Thus, the optimal fixed price can be obtained as follows:

pe argpmax[l -Gt ()] - p.
(]

In summary, when there are multiple ex-post rational buyers
in the market, no persuasive mechanism exists. However, if only
partial persuasiveness is required, the seller’s optimal revenue is as
follows:

[1-G(v,1, ()] p*

Combining it with equation (1), we find that the optimal revenue
in this case is the same as that without information disclosure.

(20)
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PROPOSITION 4.10. When facing multiple ex-post rational buyers,
there is no fixed-price signaling mechanism that is obedience for
all the buyers. If only partial persuasiveness is required, the seller’s
optimal revenue with information disclosure is the same as without
information disclosure.

4.2.2  Ex-interim rational buyers. Next, we discuss what constraints
an obedient mechanism should satisfy when facing multiple ex-
interim IR buyers.

We need to ensure that the ex-interim utility of buyer i from
buying the item is no less than 0 when receiving signal 1. Combine
Equation (9) and (16), we get:

/ 0 7(g,si) [0i(q) — plg(q) dg > 0,Vi € N. (21)
qE

Similarly, to ensure buyer i will not buy the item after receiving
signal 0, we have:

/ (g s)loi(@) - plg(@dg = E [oi(q)] - p.Vi € N.
qeQ q~9(q)

(22)

Combining with the seller’s objective, we can formulate the
optimal mechanism design problem as the following program:

S dg -

max /qEQiEZI;]ﬂ(qS)g(q) q-p (23)

st [ alg.s0leita) - plal@)dg > o VieN
qeQ

/ (0 0101(@) = plo6)da 2 Bqlen(@)] =, Vi € N
qe

THEOREM 4.11. When there are multiple ex-post rational buyers
in the market, the following signaling ©* and fixed price p* form an
optimal mechanism:

(g 51) = {l ifi € arg max; Eq[v;(q)] .

0  otherwise
p" = maxE[vi(q)].
1 q
We find that when there are multiple interim-rational buyers in
the market, the seller’s optimal revenue equals:
max E[0;(q)].
r q

which is the same as in the case without information disclosure.

OBSERVATION 3. When there are multiple ex-interim rational buy-
ers in the market, the seller does not gain additional revenue from
information disclosure.

However, if we assume that the seller can set prices based on
the signals, we find that the seller’s revenue can reach the upper
bound of the optimization problem (23). Based on the constraint
(21), we can obtain the upper bound of the optimization problem.

PROPOSITION 4.12. The program (23) is upper bounded by:
E‘[Umax (@],

where Vmax (q) = max;v;(q).
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Table 1: A summary of the optimal revenues obtained by the fixed-price and fixed-price signaling mechanisms under different

buyer behavior patterns.

Mechanism space

Behavi
ehavior pattern Fixed-price mechanism

Fixed-price signaling with one buyer

Fixed-price signaling

Ex-post rational [ max,[1-G(o} (p)] - p

maxp[1 -G~ (p)]-p

- maxp[1 - G(v 1, (P)]-p

Ex-interim rational max; E[v;(q)]

E[v(q)] max; E[v;(q)]

PRrooF. According to constraint (21), we have:
[ atasintatarda> [ atgsig@dg-pvieN.
qeQ qeQ

Summing over all constraints, we obtain:

Lo S rams@daers [ 5 rgsiaaa dg

ieEN ieEN
< [ omax(@9(6) dg = Eloman o),
q€Q i
This concludes the proof. O

Next, we demonstrate that we can construct an obedience mech-
anism that achieves this upper bound, thereby achieving optimality.

THEOREM 4.13. When the seller can set prices based on the signals,
the following signaling scheme n* and fixed price function p* yield
revenue equal to Eq[omax(q)]:

. 1 ifge Q!
T[*(q)si):{ ifq Qmax,

0 otherwise
where Qhyax = {q | g € Q,0i(g) = max; v;(q)}.
Jyeo,. vi(@9(q) dg
Jyeor, 9(@) dg

ProoF. Under 7%, for any g, the seller sends the trading signal
to the buyer i with the highest valuation. Constraint (21) becomes:

/q CCICLE /q .

max

p(si) =

9(q)dg-p.Yie N.

max

Therefore, we can set the fixed price as follows:
Jyeor . vi(@)9(9) dg

Joeh. 99 44

Therefore, p* (s;) satisfies constraint (21). Since the fixed price at
this point is the highest posterior valuation, other buyers who do
not receive the trading signal will not want to trade, thus satisfying
constraint (22). Next, we prove that the revenue of this mechanism

equals Eg[omax(q)].
The seller’s revenue can be written as:

/qu 2. 7(a.s)9()dg-p= /qEQL_ 9(q)dg - p*(si)

ieN ieN max

3 o

ieN max

- / omax (9)9(q) dq = E[omax (9)].
qeQ q

p(si) =

0i(q)g(q) dq

101

This concludes the proof. O

5 Summary

So far, we have studied the revenue-maximizing mechanism design
problem for an item seller under two different buyers’ behavior
patterns and two design spaces. Next, we summarize all the results,
as presented in Table 1.

It should be noted that when buyers are ex-post rational and
the mechanism is a fixed-price signaling mechanism, the result
consists of two terms. The first term, represented by a “-”, indicates
that no obedient mechanism exists. The second term represents
the revenue obtained under the assumption that buyers cannot
purchase the item when the seller does not recommend it. From
Table 1 we can draw the following conclusions:

e When there is one buyer in the market, no matter which
behavior patterns the buyer adopts, the revenues obtained
from the two mechanism spaces are the same.

e When there are multiple ex-interim rational buyers in the
market, there is no obedient mechanism exists. Even when
the mechanism is required to satisfy only partial persuasion,
the seller’s revenue does not increase.

These two conclusions imply that allowing the seller to design
information does not increase their revenue. However, according
to Theorem 4.13, the seller can achieve higher revenue and extract
the full surplus by setting prices based on the signals.

6 Conclusion

In this paper, we study the design of optimal fixed-price signaling
mechanisms for a seller in a market with multiple buyers. We
consider two types of buyers with different levels of rationality. As
a benchmark, we first analyze the optimal fixed-price mechanism
without signaling. Then, focusing on our main research questions,
we find that under fixed-price mechanisms, allowing the seller to
design information signals does not increase the seller’s revenue;
however, if the seller is allowed to set prices based on the received
signals, they can achieve full surplus extraction.
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