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Abstract. We consider an auction-based crowdsourcing system. A requester is
faced with a binary choice question and decides to hire workers to answer the
question. The workers can ask prices for answering the question and the requester
can choose to hire which workers based on their skills and ask prices. We model
the problem as a mechanism design problem and characterize the optimal hiring
policy. We show that the problem of computing the accuracy of a given set of
workers is #P-hard. However, we prove that choosing at most £ workers into
committee can achieve at least 1/[n/k]| of the optimal utility. Finally, we also
provide a polynomial algorithm for computing the optimal hiring strategy when
the number of workers’ skill levels is constant.
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1 Introduction

Crowdsourcing is a way of hiring a group of participants to finish a certain task together.
In a crowdsourcing task, there is a requester and a set of workers. The requester first
posts a task advertisement on a certain crowdsourcing platform. A typical advertisement
usually contains a brief description of the task and a reward for finishing the task. Then
interested workers participate to finish the task and get paid accordingly.

In recent years, crowdsourcing applications have significantly expanded, covering
areas such as data labeling for machine learning tasks, information collection, and
human subject studies. The requester typically breaks the task into smaller sub-tasks and
offers a uniform price for each sub-task. This outsourcing model has both advantages
and disadvantages. It can quickly attract many workers, speeding up task completion,
but it may also increase task completion costs.

Quality control is another issue that can arise in such a procedure. The workers may
have different skill levels and thus may complete each sub-task with varying qualities.
To solve the problem, the requester can send each sub-task to multiple workers and
then aggregate their solutions to increase the solution quality. However, workers with
higher skill levels often cost more to provide higher-quality solutions, while the reward
usually remains the same. This hiring policy could lead to an adverse selection problem
and deter workers with higher skill levels.
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An auction-based crowdsourcing system can reduce the adverse selection problem.
In such a system, each worker sets an asking price, which is the minimum reward the
worker must receive if hired. After collecting the asking prices, the requester decides
which workers to hire.

In this paper, we consider such an auction-based crowdsourcing system and study
the optimal hiring policy of the requester. Our model combines both mechanism design
and solution aggregation. We show that computing the optimal set of workers to hire
is #P-hard. The difficulty is directly inherited from the hardness of computing the best
accuracy of a set of workers. We also put forward an efficient algorithm for computing
the optimal hiring strategy when there are only a constant number of different skill
levels.

1.1 Related Works

Our paper is related to the crowdsourcing literature. A popular model for crowdsourcing
task assignment market is to find a matching between the workers and the tasks [3,6,
7,16]. Most of these works model the problem as a bipartite graph, and assign each
task to one worker. Different from them, we need to assign the task to an unknown
number of workers and infer the true answer from the workers’ reported answers. We
refer interested readers to [18] for a more comprehensive survey of the history works
on truth inference in crowdsourcing. In their setting, the principal needs to learn the
quality of the workers while assigning them tasks.

There is another line of work that combines crowdsourcing and mechanism design.
Dominic [4] models the crowdsourcing system as an all-pay auction. In their work, each
agent exerts effort into each contest with a certain cost and the agent with the highest
effort wins. As a follow-up work, Luo [10] considers a similar model, where each agent
contributes a certain amount, and the agent with the most contribution wins and gets
all the other contributions as their utility. In this paper, however, multiple agents can
obtain positive utility by answering the question. There are other works applying peer
prediction techniques in designing mechanisms for crowdsourcing platforms [8, 14].
Unlike this paper, they do not consider the incentive issues. More recently, Wang [15]
applies the auction design into mobile crowdsourcing systems.

In the voting theory, Nitzan [12] first proposes the optimal method for aggregating
a set of independent answers with varying accuracies, known as the optimal Nitzan-
Paroush weighted majority rule. Later, Ben-Yashar and Nitzan [1] extend their results
by adding the prior differences and the dependency of experts’ skills on the state of
nature. More recently, Berend [2] provides a constant approximation for the error rate
of the aggregation rule. In our work, we mainly focus on the “accuracy gain” (accuracy
minus 1/2) of the aggregated answer since there is a penalty if the answer is wrong.

In machine learning, the Nitzan-Paroush rule is also applied as the well-known
Naive Bayes approach. There are both empirical studies [5,9, 13] and theoretical analy-
ses [5, 17] showing that this approach performs well on aggregating answers to a binary
problem.
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2 Model

A requester (she) is faced with a binary choice question. If she answers the question cor-
rectly, she gets a reward of R. If she answers incorrectly, her utility is —R. Assume that
the requester has no knowledge about the question and can only take a random guess
(with a 0.5 probability being correct, giving her an expected utility of 0). However,
she can hire skillful workers to answer the question through a crowdsourcing system.
Assume that the crowdsourcing system uses an auction-based mechanism so that the
requester can decide who to hire to answer the question.

Let N = {1,2,...,n} represent the set of all workers. Suppose that each worker
¢ has a skill level that completely determines the probability a; of his answer being
correct. We assume that crowdsourcing system can estimate a; for the requester based
on the worker’s past performances, i.e., a; is known to the requester. Clearly, we have
that a; € [0.5,1] since a random guess could already give an accuracy of 0.5. For
simplicity, we assume that the workers will try their best to answer the question and
that their answers are independent from one another. Therefore, the best accuracy that
the requester can get from the set C' of hired workers is:

AC) =" ([ ] a-a) ¢))

SCH \i€S jeH\S

We call Eq. (1) the accuracy function.

Each worker also has a cost ¢; € R for answering the question. Suppose that c; is a
random variable that is drawn from cumulative distribution function F;(c;) with a den-
sity function f;(c;). We consider a Bayesian environment and assume that ¢; is worker
i’s private information, whereas the distribution function F;(c;) is common knowledge.
The workers are asked to report their costs so that the requester can decide who to hire.

Denote by H = (x, p) the requester’s hiring policy, where:

- x : R} + {0,1}" is the hiring function that maps the reported costs to a hiring
decision, where x; = 1 if and only if worker ¢ is hired;

— p:RY} — R is the payment function that determines the amount of money that the
requester pays to each worker.

Worker ¢’s utility u; is defined as the money he is paid for participation less his cost for
answering the question, i.e.,

Ui = P — CiTy, )

Denote the committee with candidates selected in vector z as C,, = {i € N : x; =
1}. The requester’s utility is the expected reward she gets from aggregating the hired
workers’ answers minus the payments she distributed to the workers:

uo =R - A(C;) — R(1 - A(C.)) — > pi 3)
1EN
=2R-A(C,) — R pi. 4)
1EN

The complete crowdsourcing procedure is as follows:
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The requester announces the hiring policy H = (z, p);

2. The workers report their costs ¢’ to the requester (note that it is possible that ¢’ # ¢
if misreporting benefits a worker);

3. The requester decides who to hire and the payments by computing x(c¢’) and p(c’),
and sends the question to the hired workers;

4. Each worker submits his answer to the requester, and gets paid p;(¢’).

Following game-theoretic conventions, we use a = (ay,as, ..., a,) to denote the
accuracy profile of all workers and a_; = (a1, az,...,0;—1,8i+1,-..,a,) to denote
the accuracy profile of all workers except . Similarly, we can also define ¢ and c_;,
respectively.

The workers’ goal is to maximize their utilities. Thus they will choose not to partic-
ipate in the procedure if their utilities are less than 0. Therefore, the requester needs to
ensure that the workers’ utilities are non-negative if they report truthfully.

Definition 1 (Individual Rationality). A hiring policy H = (x,p) is individually
rational, if Ve, 1,

u; = pi(c) — cixi(c) >0 5)

And to incentivize the workers to report truthfully, the hiring policy should also
satisfy the following incentive compatibility constraint.

Definition 2 (Incentive Compatibility (Truthfulness)). A hiring policy is said to be
incentive-compatible (or truthful), if reporting the cost truthfully is an optimal strategy
for each worker. That is, Vc;, ¢}, ¥Ne_; and Vi,

pi(c) — cizi(c) > pi(c), c;) — e (cl, e—y) (6)

Thanks to the celebrated revelation principle [11], we can, without loss of generality,
focus on the set of truthful hiring policies.

Theorem 1 (Revelation Principle [11]). For any hiring policy, there exists a truthful
hiring policy that implements the same hiring and payment function.

3 Problem Analysis

In this section, we derive the optimal hiring policy and show the hardness of computing
the optimal policy. Note that our setting is very similar to a reverse auction or pro-
curement setting, where a buyer wants to buy an item from multiple sellers. Before we
present the optimal hiring policy, we define the following virtual cost function, which
is commonly used in the reverse auction design literature.

Definition 3 (Virtual Cost Function). Suppose worker i’s cost is drawn from cumu-
lative distribution function F;(c;) with density function f;(c;). Then the virtual cost
function of worker i is:

Fi(ci)

pilci) = ci + T @)

A virtual cost function is called regular if it is monotone increasing.
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Following the standard Myersonian approach, we have the following two results:

Lemma 1. A hiring policy H = (x,p) is incentive compatible, if and only if the fol-
lowing two conditions hold:

— The hiring function x;(c;, c—;) is monotone decreasing in c; for all c_;;
— The payment function p;(c;, c_;) satisfies:

pi(ci,c—i) = / idei(&C—i), ()
0

where we fix c_; and view the hiring function x;(s,c_;) as a function of s.

Lemma 2. For any truthful hiring policy, the requester’s utility can be written as:

ug = 2RA(C,) = R=_ zipi(cy). ©)
1EN

We omit the proofs for the above two lemmas here, as they can be easily derived
using standard mechanism design techniques. To optimize the requester’s utility, we
need to choose a monotone decreasing hiring function = to maximize Eq. (9). The last
term in Eq. (9) is easy to maximize if for each i, ¢;(c;) is regular. Even if ¢;(c;) is
irregular, we can still apply the so-called “ironing” trick [11] to obtain a monotone
increasing version. Define the quantile of a cost ¢; as g;(¢;) = 1 — F;(¢;) and a function
H;(q) = (1 —q) - ¢i(q), where ¢;(q) is the cost at quantile g. The ironed virtual cost is
the following:

Definition 4 (Ironed Virtual Cost). The ironed virtual cost of an agent i is defined as:
Bilci) = Gilai(ci),

where G(q) is the first order derivative (with respect to q) of the convex hull of function

Gi(q) = Jnax, {wH;(a) + (1 —w)H;(B)}.
a-wtf-(1—w)=q

Since G; is convex, the ironed virtual cost is monotone decreasing. It can also be
proved that Eq. (9) still holds if we substitute ¢; with ©,. Based on the previous two
lemmas, we present our main mechanism as follows:

Mechanism 1 (Mechanism for Hiring Workers).

1. Collect the reported cost c; from all workers.
2. Compute each worker’s ironed virtual cost g, (c;).
3. Select x that maximizes

ug = 2RA(Cy) = > wipi(cy).
ieN
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4. Set the payment rule as:
ci
pi(ci,c—i) = / sdx;(s,c—;).
0

Theorem 2. Mechanism 1 is incentive-compatible, individually rational, and maxi-
mizes the requestor’s utility.

Proof. The proof directly follows from Lemma 1 and Lemma 2. O

The major challenge for implementing the mechanism is in maximizing the first
term in Eq. (9), or equivalently, maximizing the accuracy function. We present the diffi-
cult results starting from some simple cases showing that the function is not submodular.

3.1 Simple Case for n < 2

Let’s first consider the easy case with n < 2. In this case, optimizing Eq. (9) is easy
since we can simply enumerate all possible hiring outcomes. There are only 2 outcomes
(x =0and x = 1) for n = 1, and 4 outcomes (z € {(0,0),(0,1),(1,0),(1,1)}) for
n = 2. A closer investigation into this case, however, shows that the optimal hiring
policy is always to hire at most a single worker.

Observation 1. When n < 2, the optimal hiring strategy always hires at most 1 worker.

Proof. The statement is true for n = 1. For n = 2, we claim that hiring a single
worker can achieve the same accuracy as hiring both workers. This option is cheaper
and therefore a better strategy. To prove the claim, simply note that the requester will
choose to use the answer provided by the worker with a higher accuracy, regardless of
whether the two workers’ answers agree with each other. Thus, the aggregated answer
is always the same as the better worker.

Remark. Since In (O'sfi) is a convex function, similar proof can be extended to show

0.5
that, if a committee C' contains a “dominating high-skill” worker with accuracy a4 and
other k£ workers with accuracy aq, as, .. ., ai satisfying

k
abig — 0.5 > (a; — 0.5),
i=1

we have A(C') = ay;4. Moreover, Observation 1 can be generalized to the following
result:

Lemma 3. When all workers have the same accuracy, i.e., a; = a,Yi, for any non-
negative integer k, hiring 2k + 1 workers yields the same overall accuracy as that of
hiring 2k + 2 workers.

The proof of the Lemma 3 was also deferred to the full version.
We can directly obtain non-submodularity of the accuracy function from Lemma 3.

Corollary 1. The function A is not submodular.
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4 Hardness of Computing Accuracy

Despite the fact that the accuracy function is not submodular, we try to characterize it
in this section since it help us select the workers. When the problem is turned to n > 3
with different accuracies, the first natural question that comes to our mind is: given the
answers from all the workers, how do we optimally aggregate them? Fortunately, the
answer to this question is known. We present the result here for completeness.

Lemma 4 (Optimal Weighted Voting Scheme). The best strategy to aggregate hired
workers’ answers is equivalent to carrying out weighted voting among the workers with
the following voting weight scheme:

a;
w; « In

— a; ’
Proof. See Theorem 1 in [12]. O

The lemma above leads to our next result. Given a binary vector =z, it is already a
difficult problem to compute the accuracy function A(C, ). Optimizing it is even more
challenging.

Theorem 3. Tuke each worker’s accuracy a; in a committee C' as input, computing
A(C) is #P-hard.

To prove Theorem 3, we reduce the following subset sum problem, which is known
to be #P-hard, to our problem.

Lemma 5 (#Subset Sum is #P-hard). Given a non-negative integer set I =
{y1,y2." -+, yn} and a constant boundary B = 337" | y;, computing |{I' C I |
> ecr € > B} is #P-hard.

Before proving Theorem 3, we first consider the following lemma:

Lemma 6 (Random Variable Correspondance for Workers). Suppose in the set C

of m hired workers, each worker has accuracies ay, , G, - -, ar,, respectively. Then
we can find m random variables, denoted by X1, Xa, - - -, X, satisfying the following:
ak,
Pr|X;=—In—" | =1—a;
1-— Ak,

Pr {Xi B } = ag,-
1—ay,

If we denote the sum of these variables by S = Z:":l X, we have

A(C) =Pr[S > 0] + %Pr[S =0].
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The proof of Lemma 6 was deferred to the full version. Now we are ready to prove
Theorem 3.

Proof for Theorem 3. We reduce the #Subset Sum problem to our problem of com-
puting the accuracy. For each instance of #Subset Sum with B = (y1+y2++ - - +Ym ) /2,
we assume the answer to the #Subset Sum is K. We construct the following instance
for a group of selected workers C.

C= {i15i27"'7im}7

e¥i/? — 1 )
a;; = 0.5 |:]. + (m)} ,Vj e [m]
=1 Zje[m] Yj
— T
n (14 1z

By construction, we have In (l—iaL) = % Thus the final accuracy A(C') of the com-
‘3

mittee C' is:

E Qi - (1 — aik) +
c'cc, i;eC’ i, gC’
Ziuecl yu>Z,¢Uec/ Yo

2 ] o IT 0 =)

c'ca, i;€C" i @C’
Yinec! Yu=2li,¢ct Yo

We can divide the previous formula into two parts, the first part is the probability that
the sum of all the workers’ corresponding random variables is larger than 0; the second
part is half of the probability that the sum of all the workers’ corresponding random
variables is 0. Our goal is to only keep the first part (otherwise the reduction will be
affected), so we consider adding a new worker ,,4; to form a new committee. We let
the accuracy of the new worker be the following:

65/22 -1
aim’+120.5 1+ m 0< ik 1.

. (27 . .
Since In (%) = g, the random variable corresponding to the new worker X, 41
tm+1

is ¢ with probability a;,,, ,, and —0 with probability 1 — a;, . The realized value of
all other random variables are all integers. Therefore, when the outcome of X, is
—4, the final sum can only be positive if the number of positive variables is at least one
more than that of the negative variables. So the final accuracy A(C U {i;,+1}) would
turn into
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2 [ o IT 0 -aa)

c'cc, i;€C’ i EC’
Xigect Yu>Di, g0 Yo

) I o 1] (0 -aw)

c’'cc, i;€C! i &C’
Ziuec/ yu:Zivgc/ You

Thus we have
A(CU{im41})
2

S (M T 0w = O
2

s
c'ca, i;€C’ irgC’ Tm41
Digect Yu>2 i gc Yv

eyj/Zz_l

By letting e; = 0.5- (
ity:

m) , €max = max;{¢; }. We have the following inequal-

2 I o - I 0 -aa)

c'ce, i;€C’ i EC’
Ziuec’ yu>zivgcl Yo

= Y IT 05+¢) ] (05— ex)

c'ca, i;€C’ i EC’
ZquC' Yyu>B

<K - JJ05+¢)- J] 05+e)

i;€C” ingC’
K
S K- (05 + Emax)m S 2_m . (1 +4m- 6max)~
Similarly, we can get

3 [To TTO-a))> g (-4m e

c'cc, i;eC’ irgC’
Dinec! YuSD act Yv

Therefore, we have z > 1(2116%’ SUPPOSE €max i achieved by the worker i,
n Im.- 2770
we have
e¥i/2z _ 1
— ¥i/2z _ 1) < ——
€max 0.5 <eyj/22+1) < 0.5 (6 1) S Smoom:

So the lower and upper bounds are:

K K-1
(1 —4m-emax) > —2

om om
K K+3
2—m~(1+4m~emax)> 2m2.
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Thus we have

A(C) — A(CU{im41})

2 < K+ -.

1 @iy
K—-=><om. ot T 5
)

2

Qi yn

Therefore after we computed A(C') and A(C' U {iy,+1}), we can get K by finding the
integer nearest to

ACU{im
g Gines CA(C) — w
Ay — %

Thus we have completed the reduction and proved that calculating the accuracy of com-
mittee C' is #P hard. O

5 Revenue Approximation with Limited-Size Committee

Since it is difficult to compute the utility, we now focus on the case when we only have
limited power to compute the optimal strategy with a limited committee size. We studied
the utility that this type of committee can achieve to the optimal utility without the size
limit. Before presenting our main approximation results, we provide an observation on
the corresponding random variable S (in Lemma 6) of a committee. This observation
may help readers gain more insights into the accuracy function A.

Observation 2. The distribution of S is a discrete distribution whose supports are sym-
metric points:

{—s1,—82,...,—80,0,+8p, +Sp—1,+S¢—2, ..., +81},
where s; > 0,Vi € [€]. Moreover, we have Pr[S = +s;] > Pr[S = —s,],Vj € [{].
The proof of Observation 2 was deferred to full version.

Theorem 4. The optimal hiring strategy with k workers gives the requester a utility at
least 1/[ %] - U*, where U* is the maximum utility with unlimited committee size.

Before proving this theorem, we first consider a useful lemma:

Lemma 7. For any two groups of workers Cy and Cy, A(C1 U Cs) —1/2 < A(Ch) +
A(C) — 1.

The proof of Lemma 7 was also deferred to the full version. With the above lemma,
we are ready to prove Theorem 4.

Proof of Theorem 4. For simplicity, we define the “accuracy gain” of a worker group C'
as A(C) — 1/2. Suppose that the optimal hiring strategy contains n* workers, we can
divide the whole committee into ¢ = {”71 disjoint groups, each group contains at most
k workers. Denote these groups by G, G, ..., G,. Suppose that the maximum utility
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with a committee of size at most k is Uj,. Then the utility of hiring each group is at most
Uj.. Then we have

2A -—1 i
> (R i) — 1) — ¢(Gy))

i=1

IN

*

<Uj- qu[%]sU,;[%],

where the second equation follows from Lemma 7, and the second inequality is due to
the fact that |G;|< k. Therefore, we have

“TET

completing the proof. O

6 Algorithm for Selecting Workers with L Possible Accuracies

In this section, we consider a specific case where there are only a constant number of
possible accuracies and propose an algorithm for selecting the optimal committee. Let
L be the number of possible accuracies. We can categorize the workers into L groups
with each group containing workers with the same accuracy. Denote the accuracies by
a',a?,..., a’, and the number of workers in each group by n*, n?, ..., n”, we give an
algorithm that returns the optimal committee in polynomial time. The algorithm is as

follows:

1. Sort workers in each group according to their ironed virtual costs in ascending order.
Let p; ; be the sum of the first j workers in group .

2. Compute the accuracy A, w,,... w, Of a committee with w; workers in each group
i.

3. Compute (wi,ws,...,w}) =

L
argmax,, ., {(QAwl,wz,...,’wL -1)-R— szw} :
i=1

If the maximum value is positive, select the first w; workers in group ¢ into the
committee. Otherwise, do not select any worker.

Note that in the second step, the w; workers in group ¢ has the same accuracy. Thus in
the third step, we will clearly choose the w; workers with the lowest virtual costs.
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Theorem 5. The above algorithm runs in polynomial time and induces a truthful mech-
anism.

Proof. There are only Hf:1 (n®+1) different combinations in step 3. The only missing
point is how to compute the A, w,, ., in the second step for any combination of
{w;} in polynomial time.

We construct an L-dimension “matrix” M with n' x n? x - - - x n” elements. Each
element My, w,,...,w, Stores the distribution of the random variable corresponding to
(by Lemma 6) the committee with w; workers in layer . For any random variable, each
group of workers can contribute a value from the following set to the sum:

- a
_ni.l A
{ T T

aZ

1—at’’

.,(n*=1)-In ¢ nln—2

—=1)-1 }
(n )-In 1—at’ 1—alt)’

thus there are at most HiL:1 (2n® + 1) possible values of the random variable.

We compute the distribution for 7., w,,...,w; using the distribution for elements
with smaller indices. For example, when computing the distribution for m., w.,...,w; »
we choose an arbitrary ¢ € [L] where w; > 1. We begin with the distribution for the
element m’ = My, ws....wi—1,...w,» Where the i-th dimension index is decreased by
1. The support of m’ is on at most G = HiLzl(Qni + 1) values. We enumerate all its

support & with probability p(z). We then add two resulting points « + In ﬁ with
— with probability p(z) - (1 — a) to the distribution

a?
1—a?

probability p(z) - a’ and z — In
of Muwy,wa,...,wr
Therefore, each distribution takes O (Hle (2n® + 1)) computations and there are

in total HiLzl(ni + 1) accuracies to compute. Therefore, the total running time of the
algorithm is O((2n)% - nt) = O(2F - n2L), which is polynomial in n since L is a
constant.

To show that the induced mechanism is truthful, it suffices to show that the prob-
ability of a worker being chosen decreases as their cost increases. For any worker 1,
the ironed virtual cost function @(c;) is monotone increasing in ¢;. So if ¢; increases,
worker 7 is more likely to be placed at the front, and all p; ; are weakly increasing. As
a result, the committee containing worker ¢ is less likely to be chosen according to step
3 of our algorithm. a

7 Conclusion

In this paper, we consider the mechanism design problem where a platform needs to hire
a group of workers to answer a binary question. We characterize truthful mechanisms
and give an optimal mechanism. We also show that computing the overall accuracy for a
given group of workers is #P-hard, and give approximation results when the committee
size is capped by a constant. Finally, when the workers’ skill levels fall in constant
layers, we give a polynomial algorithm for computing the optimal hiring strategy.
Since our paper only considers a dichotomous choice question for the requestor,
a natural extension of our work is to consider a non-binary question with more than
2 answers. It is also interesting to consider the interdependency among the workers’
answers and the accuracy of workers are affected by the state of nature (true answer).
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